Observations with the SPICAM instrument on board Mars Express have shown the occasional presence of localized ultraviolet nightside emissions associated with enhanced energetic electron fluxes. These features generally occur in regions with significant radial crustal magnetic field. We use a Monte-Carlo electron transport model to investigate the role of the magnetic field on the downward and upward electron fluxes, the brightness and the emitted power of auroral emissions. Simulations based on an ASPERA-3 measured auroral electron precipitation indicate that magnetic mirroring leads to an intensification of the energy flux carried by upward moving electrons-from about 20% in the absence of crustal magnetic field up to 33-78% when magnetic field is included depending on magnetic field topology. Conservation of the particle flux in a flux tube implies that the presence of the B-field does not appreciably modify the emission rate profiles for an initially isotropic pitch angle distribution. However, we find that crustal magnetic field results in increase of the upward electron flux, and, consequently, in reduction of the total auroral brightness for given energy flux of precipitating electrons.
Introduction
The first measurements of magnetic field on Mars by Acuña et al. (1998) were based on the magnetometer measurements on board the Mars Global Surveyor (MGS) mission. They confirmed the lack of a global magnetic field by Mariner 5, Mars 2, 3 and 5 and Mars Phobo-2 spacecraft but revealed the presence of strong localized residual crustal magnetic field concentrated below the southern hemisphere highlands. Analysis of the nightside measurements with the Electron Reflectometer (ER) instrument by Mitchell et al. (2001) implied the existence of "magnetocylinders" marked by series of plasma voids separating electron flux spikes. These electron spike events are concentrated in regions of relatively strong radial component of the residual magnetic field showing the energy spectra similar to the magnetosheath electrons. The measurements were interpreted as evidence of past or present reconnection of the residual magnetic field lines to the interplanetary magnetic field lines.
The interest for auroral precipitation into the Martian atmosphere was triggered by the discovery of the Martian far ultraviolet aurora by Bertaux et al. (2005) . The first evidence for precipitation of energetic electrons was provided by Brain et al. (2006) who detected the presence of peaked electron distributions measured near 400 km with the ER instrument on board MGS. These observations revealed hundreds of auroral-like events characterized by energized electrons with a peak energy ranging from ∼200 eV to 4 keV. Concomitant perturbations of the horizontal magnetic field components were measured and found to be consistent with fieldaligned currents density comparable with terrestrial field-aligned currents. These events correspond to auroral-like energized electron population in crustal field cusp regions, near a field-aligned current region and the boundary between open and closed field lines. Brain et al. (2006) suggested that they occur on magnetic field lines connecting the shocked solar wind to crustal magnetic fields. They pointed out that downward going electrons between 100 eV and 1 keV are generally nearly isotropic. At the same time downward-traveling sheath electrons on the Martian nightside span a wide range of pitch angle distributions (PADs). Brain et al. (2007) analyzed the distributions of electron PADs measured by MGS interpreting observed PADs as indicators of magnetic field topology near Mars. Also, Lillis et al. (2011) investigated the threedimensional distribution of ionization from precipitating sheath electrons on the Martian nightside, and showed the average PADs of downward-traveling electrons in five sample locations, pointing out that most are in fact non-isotropic (the only one which is isotropic has almost no flux). The most energetic events were preferentially observed during periods of disturbed solar wind conditions such as passing coronal mass ejections. Among the three types of accelerated electron events identified by Halekas et al. (2008) , localized events occur in strong magnetic cusp regions and may be associated with signatures of field-aligned currents.
Measurements made with the Analyzer of Space Plasma and Energetic Atoms (ASPERA-3) set of plasma instruments on Mars Express ( Barabash et al., 2006 ) also indicated that regions of open magnetic field are often present near strong and moderate crustal fields on the Martian nightside ( Lundin et al., 2006a ( Lundin et al., , 2006b ). The associated electrons generally showed fluxes several orders of magnitude higher than elsewhere on the nightside, with an inverted-V energy distribution peaking near hundred eV's, similar in shape to the more energetic inverted-V events generally measured within terrestrial auroral arcs. Lundin et al. (2006b) pointed out that these electron distributions bear the signature of downward acceleration in an upward electric field.
The role of crustal magnetic fields on electron precipitation and ionization was modeled by Lillis et al. (2009) using a kinetic Monte Carlo electron transport model. In particular, they examined the effects of the crustal B-field on the volume ionization rate and found that the peak values decrease with increasing B intensity by less than 20% below 200 km in the case of a measured initial electron energy spectrum with an isotropic pitch angle distribution (PAD). The drop of the ionization rate versus the magnetic field intensity was more pronounced in the case of a trapped electron population, but nearly doubled for a beamed pitch angle distribution in a field of several tens of nT. Lillis and Fang (2015) examined the effects on ionization profiles and total integrated ionization for a wide range of initial electron pitch angles and energies and crustal field strengths. Lillis and Brain (2013) made a thorough study of the downward-traveling superthermal electrons measured by MGS near 400 km on the nightside. They showed that a more horizontal orientation of the magnetic field delays electron access to the atmosphere and that the highest precipitating fluxes occur for negligible crustal field magnitude and the most vertical crustal field orientation. When the B-field elevation angle is in the range 60 °−90 °, the precipitated electron flux moderately increases in regions of larger solar wind proxy pressure. Lillis et al. (2011) and Lillis and Brain (2013) pointed out that the strength and topology of the crustal magnetic field influence the precipitation pattern. This variation of the strength and geographic pattern of the shielding effect of Mars' crustal field exemplifies the complex interaction between this field and the solar wind. The energy distribution of energetic electrons in the Mars nightside over strong crustal field regions was further investigated by Shane et al. (2016) . They found that, when solar zenith angle exceeds 110 °, energy deposition mainly occurs along vertical field lines. They showed that most of the precipitated electrons have an energy of 15-30 eV and are magnetically reflected or backscattered, so that a fraction of less than 16% deposit their energy in the Martian atmosphere.
The first detection of an ultraviolet aurora was made at the limb with the Spectroscopy for Investigation of Characteristics of the Atmosphere of Mars (SPICAM) UV spectrograph on board Mars Express ( Bertaux et al., 2005 a) . Further observations were obtained in the nadir direction in regions having a crustal magnetic field by Leblanc et al. (2008) . Recently, Gérard et al. (2015) searched the full SPICAM database to identify signatures of CO Cameron and CO 2 + doublet ultraviolet auroral emissions and analyze concurrent ASPERA-3/ELS measurements. Spectral signatures of auroral emissions were found in the vicinity of the boundary region between open and closed field lines. The mean electron energy measured at the precipitation maximum ranged from 150 to 280 eV. The low number of MUV auroral detections with SPICAM indicates that the Mars aurora is a time dependent feature. Recently, the diffuse aurora at Mars was discovered ( Schneider et al., 2015 ) in the observations by the IUVS instrument onboard NASA MAVEN spacecraft.
Actually, MAVEN IUVS instrument has observed much more often the auroral events than MEX SPICAM instrument, therefore aurora database for Mars soon will be extended. Soret et al. (2016) found no proportionality between electron fluxes measured in the upper thermosphere and nadir auroral intensity. They used a Monte Carlo electron transport model to simulate auroral emissions based on monoenergetic electron precipitation and two energy spectra measured with ASPERA-3/ELS complemented by simultaneous nadir SPICAM observations. They calculated the peak altitudes in the vicinity of 135 km, in good agreement with the SPICAM limb observations. Their predicted vertically integrated intensities for several emission features were generally overestimated, possibly as a consequence of 3-D magnetic field topology and electron mirroring not being accounted for in their model.
In this study, we examine the effects of the presence of the vertical component of crustal magnetic field on the upward and downward propagating electron fluxes and on the auroral emission rate of the CO Cameron and CO 2 + bands. For this purpose, we introduce magnetic mirroring in the Monte Carlo simulations, under the constraint of the first adiabatic invariant. We then compare the upward F up and downward F down electron energy distribution with and without a vertical B-field. We show how the F up /F down flux ratio varies with altitude as a function of parameters describing the vertical structure of the field. Finally, we examine the influence of the magnetic field structure on the vertical profile and the emitted power of the auroral emissions.
The model

Monte Carlo model description
In this study, the influence of the residual crustal magnetic field on the excitation processes leading to the aurora emissions is analyzed using simulations realized with a model of electron transport in the Martian thermosphere. This model is based on a kinetic Monte Carlo approach. It was described by Shematovich et al. (2008) for the Mars dayglow and applied by Gérard et al. (2008) to the Venus dayglow, by Soret et al. (2016) to the Mars aurora and by Shematovich et al. (2011) to proton and H atom precipitation into the Martian atmosphere.
Energetic electrons from the induced Martian magnetosphere can precipitate and interact with the atmosphere where they can lose their kinetic energy in elastic, inelastic and ionization collisions with the ambient atmospheric gas. The energy loss of the precipitating electrons is calculated by the kinetic Boltzmann equation , involving transport of electrons, production of primary and secondary electrons and elastic and inelastic scattering terms. The kinetic Monte Carlo method is an efficient approach to solve kinetic Boltzmann equations for atmospheric systems in the stochastic approximation, when the collisions of all electrons in each cell and electron transport are considered separately at each time step in contrast with the test-particle approach ( Lillis et al., 2009 ( Lillis et al., , 2011 . It calculates the system evolution from the initial to the steady state, from 300 km to 75 km. The outputs are vertical emission profiles for various CO, CO 2 + and O emissions. More details about the kinetic Monte Carlo model can be found in Shematovich et al. (2008) .
The neutral atmosphere is taken from outputs of the Mars Global Ionosphere-Thermosphere Model (M-GITM) ( Bougher et al., 2015 ) for a solar longitude of 0 °, a latitude of 50 °South, a longitude of 180 °(which correspond to a region with significant residual magnetic field on Mars), a F10.7 index of 30 at Mars (average value at the time of the auroral detections) and at midnight local time. The M-GITM takes into account the fundamental physical parameters, ion-neutral chemistry, and key radiative processes of Mars from the ground to the exosphere (0-300 km).
The processes which govern the relative importance of the collisions and energy loss of the electrons were listed in Shematovich et al. (2008) . The cross sections for electron impact dissociative excitation and ionization of the CO 2 states and their analytical expression are taken from the compilation by Shirai et al. (2001) . The excitation cross sections of the CO(a 3 ) state by electron impact on CO 2 is still largely uncertain. It was initially measured by Ajello (1971) and was re-evaluated several times ( Erdman and Zipf, 1983; Avakyan, 1998 ) . It was recently corrected to account for the determination of the CO(a 3 ) radiative lifetime by Gilijamse et al. (2007) . It leads to the value of 8 × 10 −17 cm 2 at 80 eV adopted in this study, with an uncertainty of about 25% ( Gronoff et al., 2012 ) . A second source of CO(a 3 ) state is the direct excitation by electrons impact on CO. The corresponding excitation cross section is taken from Shirai et al. (2001) . The excitation cross section of the CO 2 + Fox-Duffendack-Barker (FDB) bands, which correspond to the A 2 u → X 2 g transition of CO 2 + , was also taken from the compilation of Shirai et al. (2001) .
The Monte Carlo model of electron transport rests upon several assumptions. First, it is assumed that the ambient atmospheric gas is characterized by the local Maxwellian velocity distribution functions. Electrons are assumed to precipitate along the crustal magnetic field lines that are considered to be perpendicular to the surface of the planet, therefore, our studies are specific to the vertical or quasi-vertical case. The initial pitch angle distribution (PAD) is assumed to be quasi-isotropic in the sense defined by Decker et al. (1996) , i.e. uniform in cos 2 ( θ ).
Magnetic field model
The vertical structure of the magnetic field is similar to the approach used by Lillis et al. (2009) in their analysis of the influence of the crustal field on the electron pitch angle distribution (PAD). Since their gyro radius is less than a few kilometers below 1 keV for the Martian B-field intensity, we consider the electrons as bound to a single magnetic field line. We also restrict our analysis to the case of a vertical field line, perpendicular to the atmospheric layers of the Monte Carlo model. The B-field is assumed to decrease with distance above the crustal source according to:
where z is the altitude, a -the depth of the crustal field source (assumed to be 15 km beneath the surface), B crust, 100 km is the value of the field at 100 km. The k exponent is a parameter allowed to vary between 2 and 3. Case k = 2 would be appropriate for an infinite line of dipoles, k = 3 -for a single dipole, therefore k = 2.5 is a reasonable middle ground. In the sample simulations presented here, we use k = 2.5, B crust, 100 km = 23 nT ( Lillis et al., 2009 ) . A constant ambient magnetic field B ambient was taken equal to 12 nTa typical value of the magnetotail field ( Ferguson et al., 2005 ) . We also consider the cases with B ambient = 1.2, and 0.12 nT to examine how strongly this parameter changes the results of our simulations. The effect of the ambient field on the mirroring can be understood considering the value of the mirror force. This force is obtained by averaging the magnetic force over one gyration of the moving charged particle. The magnetic moment associated with the current due to the gyration of a charged particle can be written as
Where W ⊥ is the contribution of the perpendicular components of the velocity to the kinetic energy. The mirror force is obtained by averaging the magnetic force exerted on the gyrating particle over one gyration, assuming that the horizontal components of the field are small, which gives ( Bittencourt, 2004 ) 
So, if we write the field as a crustal field variable versus z plus a constant ambient field, we have
Replacing the magnetic field by its value in the expression of the mirror force and of the magnetic moment, it is found that
Consequently, adding a non-zero, positive, constant ambient field B a reduces the magnitude of the mirror force, for a given value of the orthogonal part of the kinetic energy W ⊥ . This result can be understood as adding the constant B a reduces the divergent aspect of the magnetic field lines. The field thus becomes more homogeneous and the mirror effect is reduced, although it may seem paradoxical when the magnitude of the total field is increased.
We assume that the electrons have been accelerated above the upper boundary of the Monte Carlo model so that the accelerating electrostatic potential within the model domain is set to zero. The field line concentration is taken into account as well. Such concentration does not affect the up/down ratios of flux but it will affect the absolute flux numbers.
Results
To study the influence of the crustal magnetic field on the precipitation of the electrons into the Mars atmosphere we have conducted several simulations using the model described above. To make runs rooted in actual observations, we set the input flux to the measured fluxes of precipitating electrons in the atmosphere of Mars obtained by the ASPERA-3 on board Mars Express. For the simulations we used the energy distribution function of electrons, measured on 10 May 2010 at 07:44 UT at the altitude of 590 km ( Gérard et al., 2015 ) . The energy distribution of the downward moving electrons is presented in Fig. 1 . The energy flux strongly decreases above 200 eV, reaching a very low value at 300 eV The peak energy is 90 eV, the mean electron energy is ∼140 eV, and the downward energy flux is equal 266 to 1.4 mWm −2 ( Gérard et al., 2015 ) .
Effect on upward and downward electron fluxes
The number (a) and energy (b) electron fluxes at 286 km are shown in Fig. 2 for upward direction (solid line -with crustal magnetic field B crust, 100 km = 23 nT, and dashed line -without, B crust, 100 km = 0 nT). The energy flux for downward direction at 286 km coincides with the ASPERA ( Fig. 1 ) . Calculated height profiles of the downward (solid lines) and upward (dashed lines) energy fluxes for these two runs are given in Fig. 3 . It is assumed that the crustal magnetic field may be characterized by following typical parameters: a = 15 km, k = 2.5, and B ambient = 12 nT. The simulation results obtained in this case indicate that the upward energy flux can be as large as 33% of the downward one. It is important to note that the formation of the thermal core of the upward flux at low energies is a consequence of the important role played by collisional spreading in the formation of the upward electron flux. In contrast, the upward flux at high energy is mostly due to magnetic mirroring. In case of B crust, 100 km = 0 nT, there is no contribution from the magnetic mirroring, which results in a conspicuous reduction of the upward number flux above ∼10 eV. This leads to a significant decrease, up to 20%, in the upward energy flux. Thus, from comparison of the calculations presented in Figs. 2 and 3 it can be concluded that the effect of the crustal magnetic field leads to a marked, energy-dependent, increase of the upward electron energy flux from 20% to 33%.
Several sensitivity runs were conducted in order to analyze how the crustal magnetic field on Mars influences the auroral electron flux and UV brightness. It is naturally expected that the most important factor influencing magnetic mirroring and hence the solution, is the topology of the magnetic field ( Lillis and Fang, 2015 ) . Given that this topology of the magnetic field is not well known, we have conducted calculations for three different values of the k parameter and for three values of B ambient in formula ( 1 ). The k values equal to 2, 2.5 and 3 were tested with B ambient = 12 nT ( Fig. 4a ) . We also considered the cases where k was equal to 2.5, B ambient = 0.12, 1.2 and 12 nT ( Fig. 4b ) , and B ambient = 12, B crust, 100 km = 0 (no CMF), 23 (weak CMF), and 150 (moderate CMF) nT in the approximation ( 1 ) of the crustal magnetic field ( Fig. 4c ) . The distribution function of the precipitating electrons was assumed Maxwellian with E 0 = 100 eV and a downward energy flux of 1 mW m −2 .
The upper panel of Fig. 4a shows the calculated height profiles of the downward (solid lines) and upward (dashed lines) energy fluxes. The results are shown for three different altitude dependences of the magnetic field: k = 3 (red line), k = 2.5 (black line) and k = 2 (blue line). Both the upward and downward electron fluxes decrease with altitude, but their ratio varies with height. They become negligible below 120 km where the residual flux of precipitated electrons becomes increasingly small as a consequence of its loss of energy in the elastic and inelastic collisions. Changing parameter k , which controls the altitude dependence of the magnetic field magnitude, leads to some flux changes. A larger k value, which corresponds to a faster decrease of the intensity of B , leads to the highest fluxes, as may be expected from the decreasing effect of magnetic mirroring at higher altitude. However, the variation is relatively small. The bottom panel shows the height profiles for the ratio of upward and downward energy fluxes and its dependence on parameter k . This ratio varies with altitude between ∼0.5 at 120 km and ∼0.3 at 286 km, with a dip near 150 km, just above the maximum energy deposition at 140 km. The calculated variations for different k values are in the range of a few percent near 150 km. It can thus be argued that our quantitative estimates of the influence of the Martian magnetic field on the aurora electron flux and UV emission are quite reliable and are suitable for various k parameters in formula (1).
The upper panel of the Fig. 4b shows the calculated height profiles of the downward (solid lines) and upward (dashed lines) energy fluxes for the sensitivity runs for the topology of the magnetic field with k = 2.5 and B ambient = 0.12, 1.2 and 12 nT in the approximation ( 1 ) of the crustal magnetic field. The bottom panel shows the height profiles for the ratio of upward and downward energy fluxes. When the ambient component of the magnetic field in the approximation ( 1 ) is small the height-dependent second term in ( 1 ) is more efficient in the formation of the backscattered flux of the precipitating electrons due to magnetic mirroring. The ratio of upward and downward fluxes at the top of the model atmosphere can be as high as ∼0.8 for the case of B ambient = 0.12.
The role of the crustal magnetic field (CMF) can be appreciated from the results presented in Fig. 4c which shows the same dependences as in Fig. 4a for the sensitivity runs in which the following topology of the magnetic field was used: k = 2.5, B ambient = 12, and B crust, 100 km = 0 (no CMF), 23 (weak CMF), and 150 (moderate CMF) As it is seen in Fig. 4a -c the ratio between the upward and downward energy flux computed at the top of the atmosphere (286 km) is very sensitive to the presence of the magnetic field. Indeed, for the case without crustal magnetic field the flux ratio is about 0.1, while inclusion of the magnetic field drastically increases this ratio as a result of mirroring. For typical geometry of the magnetic field the flux ratio at 286 km can be as large as 0.3 (see Fig. 4a ), i.e. three times larger than in the non-magnetic case. It is important to note that this solution is weakly sensitive to the value of parameter k in formula ( 1 ). It is found that parameters B ambient and B crust, 100 km in formula ( 1 ) have a much larger influence on the solution. At the top of the atmosphere the upward and downward energy flux ratio increases from ∼0.3 up to ∼0.8 (see Fig. 4b ) when decreasing B ambient from 12 to 0.12 nT, and increases from 0.1 up to 0.3-0.5 when CMF is switched off ( B crust, 100 km = 0 nT) or it has weak ( B crust, 100 km = 23 nT) or moderate ( B crust, 100 km = 150 nT) values. We note that by changing the characteristics of the magnetic field (lower values of B ambient and/or stronger magnitudes of B crust, 100 km of CMF) it is possible to approach the low values ∼16% of the deposition of downward electron flux inferred from observations made on board the Mars Global Surveyor spacecraft ( Shane et al., 2016 ) .
Another factor that influences the electron fluxes at the top of the model is the energy of the precipitating electrons. To understand how energy controls the resulting upward flux, we conducted a series of simulations with monoenergetic input flux, the characteristic energy of which was E 0 = 25, 50, 100, 200, 400, 60 0, 80 0, 10 0 0 eV, respectively. The initial pitch angle distribution (PAD) is assumed to be quasi-isotropic ( Table 1a ) or field-aligned ( Table 1b ) , i.e., when precipitating electrons are directed strictly along the magnetic field line. The ratio between the computed upward and downward energy fluxes for a model with typical geometry of the magnetic field ( k = 2.5, B ambient = 12 nT, and B crust, 100 km = 23) and different PADs are presented in Tables 1a and  1b . In the simulations without crustal magnetic field, the energy flux ratio is relatively low and drops from 29.8% to 10.8% for initial energies increasing from 25 to 600 eV. This decrease of the ratio is a consequence of collisional angular scattering that is more effective at low initial electron energy, so that the collisions more efficiently repel the low energy particles back to the top of the simulation domain. The situation is quite different in the presence of a magnetic field for which the computed upward energy fluxes are significantly higher than without B-field. They vary from 33% up to 44%. This difference is caused by the additional effect of magnetic mirroring that causes a substantial fraction of the electron beam to be reflected and returned back to space. A slight increase of the relative importance of the upward flux is predicted for higher electron energy. However, even for a 20-fold increase of the electron energy, the upward flux remains above 30% of the downward flux and the change in flux ratio remains within ∼10%.
In the case of initial field-aligned PAD of the precipitating electrons the situation is quite different. It is seen in Table 1b that the computed upward energy fluxes in the presence of a crustal magnetic field ( 1 ) are significantly lower than ones for quasi-isotropic PAD. This is caused by the fast penetration of the monoenergetic flux with field-aligned PAD to the heights below 140 km, where high-energy electrons locally deposit their kinetic energy to the ambient atmospheric gas and only a small fraction of electrons are reflected following collisions with neutrals and returned back to space.
Effects on auroral emissions
Let us consider the influence of the CMF on the auroral emissions. As a population of electrons spirals down toward the Martian atmosphere, the intensity of the crustal field increases and the area of flux tube decreases by a factor B(z)/B(z 0 ), where z 0 is the altitude of the top of the model. Accordingly, the electron flux (per unit area) increases by the same factor. Therefore, flux values calculated by the one-dimensional Monte Carlo model should also be multiplied in the same proportion. Conservation of the first adiabatic invariant acts in the opposite direction as the electrons with large pitch angles mirror back as they move downward. In the absence of angular scattering by the neutral constituents and for an initially isotropic pitch angle distribution, the two effects cancel out and the electron flux remains invariant along the flux tube. It is important to note that this cancellation only applies to the total electron flux, i.e. the omnidirectional number of electrons crossing a unit area. This has the consequence that volume emission rates will only slightly respond to the presence of a magnetic field. A different aspect is the response in terms of emitted auroral power when considering a given spatially confined region where a given input power is carried by precipitating auroral electrons. The emitted auroral power is the emission integrated over the size of the associated aurora. Although the computed local flux is only weakly modified by the inclusion of the magnetic field and of the mirroring process, the power is not left unchanged by the inclusion of the field because it has the effect of reducing the effective area over which the emission must be integrated, as a consequence of the decrease of the flux tube area for decreasing z. In this case, the loss of the mirroring population is the dominant effect: mirrored particles return to space without depositing their energy in the atmosphere.
To test these statements, we have conducted calculations of two emissions in the Mars atmosphere. The first one is the CO Cameron bands corresponding to the a 3 → X 1 transition. They have been observed ( Bertaux et al., 2005; Leblanc et al., 2008; Gérard et al., 2015; Soret et al., 2016 ) in the Martian aurora with a nadir intensity ranging from 210 to 1880 R in the wide section part of the SPICAM slit (the SPICAM design included a double-shaped slit with two different values of the slit width). The emission threshold is at 11.9 eV and the cross section for electron impact peaks near 80 eV The second one is the transition that emits the CO 2 + FoxDuffendack-Barker (FDB) bands from 300 to 450 nm and is probably the emission that would be visible to the naked eye from the Martian surface. The effect of the magnetic field is shown for the CO Cameron ( Fig. 5 ) and CO 2 + FDB bands ( Fig. 6 ), for cases with (solid line) and without (dashed line) crustal magnetic field. Calculations were conducted using the electron flux from ASPERA-3 measurements (10 May 2010 at 07:43) and initial isotropic PAD as the model inputs in both runs with and without residual magnetic field. In all calculations with the crustal magnetic field a reference altitude z 0 = 286 km was used for the B (z)/ B (z 0 ) factor.
The analysis of the vertical profiles of the Cameron bands shows only minor changes in the emission rate profile. There is also a slight change in the altitude of the peak: in the presence of a crustal magnetic field the maximum of the emission is found ∼5 km higher than without. The column brightness of the Cameron bands is 4.8 kR and 4.4 kR with and without the magnetic field respectively. It is worth noting that initial PAD of precipitating electrons plays an important role. If we consider the isotropic PAD (in sense of random selection of angle θ ) the column brightness decreases and equal to ∼4.7 kR. For the field-aligned initial PAD it reaches the value of ∼4.9 kR as a consequence of the reduction of the upward flux.
Calculations of the CO 2 + FDB volume emission rate ( Fig. 6 ) show a non-significant change in emission rate. At the emission peak the reduction is approximately the same, and the peak height does not change. The column brightness of the CO 2 + FDB bands increases from 1.3 kR for the case without crustal magnetic field up to 1.5 kR in the solution with the crustal magnetic field, and is not strongly dependent on the initial PAD.
As it was mentioned before, another factor that influences the electron flux at the top of the model is the energy of the precipitating electrons. To understand how energy controls the excitation rates of the auroral emissions, we conducted a series of simulations with a monoenergetic input flux, the characteristic energy of which (noted E 0 ) was changed from 25 eV up to 10 0 0 eV The initial pitch angle distributions (PAD) were assumed to be either quasiisotropic or field-aligned.
The influence of the energy of the precipitating electrons on the luminosity correlates well with the solutions without magnetic field (see, e.g., Soret et al., 2016 ) . Indeed, as presented in Fig. 7 , the vertical profiles of the Cameron bands emission rate, calculated for the case with magnetic field and isotropic PAD, show that the decrease of the energy leads to a significant increase of the altitude of the peak of the emission rate, while the total emissivity varies within 30% only (the total energy flux of precipitating electrons in the model was the same for all runs). The calculated column brightness in aurora is a factor of ∼1.25 higher in the presence of the crustal magnetic field. However, the crustal magnetic field results in increase of the upward electron flux (see Tables 1a and  1b ) , and, consequently, in reduction of the total auroral brightness (or emitted auroral power) for given energy flux of precipitating electrons. 
Conclusions
We have conducted simulations of the auroral precipitation at Mars using a Monte Carlo model, accounting for the crustal magnetic field and of a possible ambient constant field. The auroral emissions of the CO Cameron and CO 2 + FDB bands have also been computed. The analysis of the sensitivity of the calculations versus the control parameters of the model shows that the vertical dependence of the magnetic field and the energy of the precipitating electrons both influence the solution.
(1) The ratio between the upward and downward energy fluxes is very sensitive to the presence of the magnetic field. Indeed, for the case without crustal magnetic field the calculated ratio at the top of the model is ∼0.1 (see, Fig. 4c ), while inclusion of the crustal magnetic field drastically increases this ratio under the effect of magnetic mirroring. For typical topology of the magnetic field the flux ratio at the top could be as large as 0.3 (see Fig. 4a and c), and even 0.6 in the case of moderate value of the crustal magnetic field. It is important to note that this solution is only weakly sensitive to the adopted altitude dependence of the field represented by parameter k in formula ( 1 ). It is found that B ambient parameter in formula ( 1 ) exerts a much stronger control as demonstrated by the ratio between upward and downward energy fluxes increases from 0.3 up to 0.8 when decreasing the B ambient from 12 to 0.12 nT. (2) The energy of the precipitating electrons is another important quantity that influences the auroral flux at the top of the model. To understand how energy controls the resulting upward flux, a set of runs with monoenergetic input fluxes E 0 = 25-10 0 0 eV was conducted for a model with typical topology of the magnetic field ( k = 2.5 and B ambient = 12 nT) and different initial pitch angle distributions assumed to be either isotropic or field-aligned. In the simulations without magnetic field the energy flux ratio is relatively low and drops from 30% to 11% for initial energies increasing from 25 to 600 eV This decrease of the ratio is a consequence of collisional angular scattering that is more effective at low initial electron energy. Consequently collisions more efficiently backscatter the low energy electrons to the top of the simulation domain. The situation is quite different in the presence of a crustal magnetic field for which the upward energy fluxes are significantly higher than in the absence of a B-field. They vary from 33% up to 44%. A slight increase of the relative importance of the upward flux is predicted for higher electron energy. However, even for a 20-fold increase of the electron energy, the upward flux remains above 30% of the downward flux and the change in flux ratio remains within ∼10%. (3) The auroral column brightness computed assuming an isotropic precipitation is only weakly increased by the presence of the magnetic field, due to the competing effect of mirroring and field line convergence. In contrast, the auroral power is reduced by the presence of the magnetic field as part of the precipitating energy is mirrored back to space. (4) To relate these model results with in situ measurements, we used an electron energy spectrum of precipitating electrons obtained by the ASPERA-3 on board Mars Express. For the simulations we used the energy distribution function of electrons, measured on 10 May 2010 at 07:44 UT at the altitude of 590 km. The energy flux strongly decreases above 200 eV, reaching a very low value at 300 eV. The peak energy is 90 eV and the mean electron energy is ∼140 eV ( Gérard et al., 2015 ) . The simulation results obtained in this case indicate that the upward energy flux can be as large as 33% of the downward one. It is important to note that the low-energy core of the upward flux is formed by collisional spreading. In contrast, the upward flux at high energies mostly results from magnetic mirroring. To discriminate between the contributions of magnetic mirroring and collisional scattering to the formation of the upward flux, we compared two simulations made keeping all model parameters identical, one with and one without the effect of a crustal magnetic field. The second one leads to a significant decrease, up to 20%, in the upward energy flux. Thus, the presence of the crustal magnetic field leads to a marked, energy-dependent, increase of the upward electron energy flux from 20% to 33%. Finally, this study shows that even a weak magnetic field can strongly change the effects of the high-energy electron precipitation in planetary atmospheres such as energy deposition, ionization and excitation rates and etc. Therefore, even weak magnetic fields should be taken into account when the heating efficiency of the hydrogen-and water vapor atmospheres of the exoplanets are considered ( Bisikalo and Shematovich, 2015 ) . (5) However, the difference between the solutions remains within a factor of 1.5-2, when changing the model parameters within the range of values acceptable for Mars. These conclusions may be generalized and are applicable to estimate the influence of the residual crustal magnetic field on the electron flux and UV brightness in the Martian aurora, and to the interpretation of a wide range of existing and future measurements.
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